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e A theory to tackle dynamic optimization problems.

e Linked to the calculus of variations (18th century) but a major
achievement of the 20th century (Bellman equations, viscosity
solutions, etc.).

e Used in a lot of fields: aerospace, robotics, finance, etc.

e Very hot recently: related to reinforcement learning (see DeepMind).

Different frameworks
e Discrete-time with discrete/continuous-state space: recursive
equations (often untractable).
e Continuous-time with continuous state space: partial differential
equations (sometimes very technical, e.g. viscosity solutions).
e Continuous-time with discrete state space: ordinary differential
equations (less technical, and reveals the main ideas).
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e Motivation with a toy example from (re)commerce.

e Derivation of the main results.

In the next lecture
e Derivation of the main results (continued).
e The specific case of entropic costs.

e Discussion of applications to market making issues.
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e Nodes or vertices: Z = {1,..., N}.
e Edges (directed edges) or links: for each i € Z, V(i) C Z \ {i} is the
set of nodes j for which a directed edge exists from / to j.
e Transition probabilities in continuous time are described by a
collection of feedback control functions (A¢(i,-));c where
Ae(iy2) V(i) — Ry

Main assumptions
e On the graph: it is connected, i.e. there is a path from any point to
any other point.

e On transition probabilities: they are chosen by an agent. He/she

cannot create edges.
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1 — (A(1,2) + Ag(1, 4))dt

1 — (X¢(4,3) + At(4, 5)dt

1— A¢(3, 1)dt

A¢(5, 1)dt ¢ (4, 5)dt
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e he/she gets a payoff h(i)dt

e he/she pays a cost ¢ (i, ()\t(i,j))jev(,.o dt

= L (7, (v ) = € (i elisijengsy) = D).
Remark: L can take the value +oo.

e If at time T the agent is at node/state i: final payoff g(/)

e Discount rate r > 0.
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State process

(Xst*"v)‘)se[tﬂ: continuous-time Markov chain on the graph starting from
node i at time t, with instantaneous transition probabilities given by .

Goal of the agent

Maximizing over the intensities the objective criterion

T 0,i,\
+e g (XT )

E

Remark: To be rigorous, we impose A such that t — A.(i,j) € L1(0, T).
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Main mathematical problems

Optimal controls
e Under what conditions do there exist optimal controls / optimal
intensities?

e How do you compute them if they exist?

Asymptotics
e What happens when T — oo if r > 0?7 — stationary problem.

e What happens when T — oo if r = 0?7 — ergodic problem.
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e to buy at price P — 67 (if the inventory is < @),
e to sell at price P + d; (if the inventory is > 0).
e The probability of trades over [t, t + dt] are:
o AP(8?)dt for a buy trade (A® decreasing),
e N°(47)dt for a sell trade (A° decreasing).

e The cost of holding an inventory g; over [t, t + dt] is c(g:)dt (where

c is increasing).
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Variables

Denoting by N® and N° the point processes of “buys” and ‘“sells” we
have:

e the inventory (q;); verifies g. = NP — N§.

e the money on the cash account (Z;); verifies:

dZ; = —(P — 62)dNP + (P 4 63)dN; = —Pdq; + 6°dN? + 63 dNs.

Optimization problem

Maximizing

T T
B[z +Par — [ clagar] =5 | [ abant + szane - c(ae]
0 0

)
B[ (o000 + aneE0) — cla)) o], AT = AOTS(a)
0

= = [ ()7 o0+ ) 00 - (@) o]
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e No final payoff.
e The function L(-,-):
o L(0,2(0,1)) = —A(0,1) (A?) T" (A(0,1)) + ¢(0)
o L(QNQQ-1)=-NQQ-1)(N) " (N(QQ-1)+c(Q)

L@, Ma.a+ 1), M9,9 - 1) == A@,a+1) (") (\g.9+1))
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The value function associates a state / and a time t to the best possible
score starting at time t from state /:

n e—r(T—t)g (X;,i)\)

u'(t)= sup E
(As(>)see, 1)

Many methods of optimal control are based on computing the value
function and deducing the optimal controls.
How to compute the value function? — through the system of
ODEs it solves: Hamilton-Jacobi / Bellman equations.
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e Let us consider a time t € [0, T) and let us assume that we know
the values of the value function at time t + dft.
e If the agent is in state i at time t and chooses A¢(-,-) for the period
[t, t + dt] then:
e for all j € V(i), the agent will be in state j at time t + dt with
probability (i, j)dt,
e the agent will still be in state / at time t 4 dt with probability
1= Yy Melini)dt.
e Therefore

o (0= sup § —L (7 O (e ) e+ €77 %

1= > N(ij)dt | -ul e+ dt)+ D Aelij)dt - ul " (t + dt)

JEV(i) JEV(i)
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Taylor expansion

ot ((1_ Z s Ij)dt) T"(t+dt Z Ae(F,j)dt - u (t-i—dt))

JEV(i) JEV(i)

=(1 — rdt) (uiT’r(t + dt) + Z Ae(i, J)dt(uT "(t4 dt) — u]"(t + dt)))

jev(i)

=(1 — rdt) (u,T (t) + T(0)dt+> 0 Ne(i, f)dt(u](8) — o (1) + o(dt))

JeV(i)

Jjev(i

=u"(t) + dt (ru,T"( g 7 +Z u,-“(t)))

+ o(dt)
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Ae(ee

u,“(t)+dt< (t)+—u "0+ 30 Al )] (¢ )—uf"(t))>+o(dt)}

JEV(i)

<

So, necessarily:

dTr

= U (t) — rul.T’r(t)
+ sup (( > Aid) (uf”(t)—uf"(f))) —L("v(kf(’vf))fevw))’
Ae(:50) Jjev(i)
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Because

we are interested in the system of ODEs:

d
vieZ, 0 = —VI(t)-rv"(t)
dt
+ s (O -vTO) | - Caen)
(M)evn €RYOT\ \jev()
with terminal condition \/,-T’r(T) =g(i), Viel.
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Hamilton-Jacobi / Bellman equations

To simplify notations, we introduce the Hamiltonian functions associated
with the cost functions (L(/,-))icz:

VieI H(i,-): pe RVl H(i p)

where

H(i,p) = sup Z Ajpj | — L (i, (/\ij)jev(;))

V(i . 3
()‘ij)jgv(i)eR-‘f- ol JEV(i)
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The ODEs then write:

Y(i,t) € Z x [0, T,
d T,r T,r o T.r T.r

— V. (t)—rV. " (t)+ H V.or(t) - Voo (t =
V@ =@+ H (0 (0 - w) ) =0

with terminal condition V."""(T) = g(i), VieZ.

1

Our goal now

Prove existence (and uniqueness) on Z x [0, T].

The solution will be the value function (u,-T’r),-ez and the optimal
controls of an agent in state / at time t given by any maximizer of

Z Aj (ujT”(t) — u,T’r(t)) =L (ia (M),-g(i))

JEV(i)
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How to prove existence / uniqueness for ODEs?

Main theorems
e For local (in time) existence and uniqueness: Cauchy-Lipschitz /
Picard-Lindelof theorem — requires locally Lipschitz properties of H
(with respect to p).

e For global (in time) existence and uniqueness: Global versions of
Cauchy-Lipschitz / Picard-Lindelof theorem — requires Lipschitz
properties of H (with respect to p) — too much here.

e For local (in time) existence only: Peano existence theorem —
requires continuity of H (with respect to p) — we can do better here.

v

From local to (half-)global existence
e Monotonicity properties
e Comparison principles

e A priori estimates

e etc.
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Assumptions on the function L

1. Non-degeneracy:
o *| V(i o
Vi € Z,3()jeny € RYOLL (1, O)eny ) < +o.
2. Lower semi-continuity: Vi € Z, L(i,-) is lower semi-continuous.
3. Asymptotic super-linearity:

L (i, Cidseves)

Vi e 1, lim Tooeal, ~
|0 ”()‘U)jev(i)"oo

H()"j)jev(i)

4. Boundedness from below (not really an assumption):3C € R,
. V(i .
Vi € LV (A)jeviy € RV L (” (A"f)jevu)) =C
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Consequences for the function H

Proposition
Vi € Z, the function H(i,-) is finite and verifies the following properties:
* ¥p = (pjev(y € R3S ()‘;';')jGV(i) e YOI,

H(i, p) = Z/\UPJ = ( (/\Z)JGV())

JjeV(i

e H(i,-) is convex on RYOL In particular it is locally Lipschitz.

e H(i,-) is non-decreasing with respect to each coordinate.
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Consequences for the function H

Proposition
Vi € Z, the function H(i,-) is finite and verifies the following properties:
* ¥p = (pjev(y € R3S ()‘;';')jGV(i) e YOI,

H(i, p) = Z/\UPJ = ( (/\Z)JGV())

JjeV(i

e H(i,-) is convex on RYOL In particular it is locally Lipschitz.

e H(i,-) is non-decreasing with respect to each coordinate.

We can therefore use Picard-Lindeldf theorem to get (local) existence
and uniqueness over an interval (7, T]
— How to be sure that [0, T] is included?
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Sketch of proof

Proof.
e Because of non-degeneracy H(i, p) # —cc.

e Because of asymptotic super-linearity, there is a compact set C such
that

sup Z Aipi | =L (i7()‘U)jEV(i))

V() P :
()‘ff)jev(i)GRJr JEV()

=  sup Z Ajpj | — L ("7 (/\U)jev(;))

(AU)jev(f)EC JEV(i)

e Because L(/,-) is |.s.c, the supremum is reached.
e Convexity of H(/,-) derives from the definition of H(/,-) as a supremum
of affine functions.

e Monotonicity of H(i,-) derives from the fact that the intensities (Aj);cy ;)

are nonnegative.

O
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From local to (half-)global existence

Proposition (Comparison principle)
Let t' € (=00, T). Let (vi)iez and (w;)iez be two continuously

differentiable functions on [t', T| such that

d (7, (408 = (D)) = 0V 8) € Tx [, T,

Ev,-(t) —rvi(t)+ H
T wi(t) — () + H (i, (w5(0) — wi(t)) ) < OV ) €T x [¢, T,
and V,'(T) < W,'(T),Vi el.

Then vi(t) < w;(t), V(i,t) € Z x [t/, T].
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Proof of the comparison principle

Proof.
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Let us define

z:(i,t) €L x[t, T]— zi(t) = e "(vi(t) — wi(t) — (T — t)).
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Proof of the comparison principle

Proof.
Let € > 0.
Let us define

z:(i,t) €L x[t, T]— zi(t) = e "(vi(t) — wi(t) — (T — t)).

Sale) = —re(u(0) — wile) — o(T = 1))+ e ( i) = Sw(0) +)

=g ((%v,-(t) - rv,-(t)) - (%W,—(t) - rW,-(t)) +e+re(T — t))

>e "t (_H (i7 (vi(t) - Vi(f))jev(i)) i (i’ (i (1) - Wi(t))jev(i)»
et (et re(T - 1).
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H (7 (0 (8) = vie (Ejewny) = H (77 (0 (87) = wie ()jengen))
+e+ re(T — t7).
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Proof of the comparison principle

Proof.
Let us choose (i*,t*) € Z x [t/, T] maximizing z.
We now show by contradiction that t* = T.

d
"< T — Ez,-*(t*)SO =

H (i (g () = v (ENjenny) 2 H (77 (0 (8) = wie ())jeyer))

+e+ re(T — t7).

By definition of (i*, t*), we know that

Vi€ V(it), v (£7) — w; (t7) < vir (£7) — wi= (£7)

Vi e V(i*), vj (t%) — vi= (t7) < wj (t7) — wj (t7).
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Proof.
From the monotonicity of H(i*, ), it follows that
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This contradicts the above inequality.
Therefore, t* = T, and we have:

V(i) €T x [t T], zi(t) < z(T) = e (vi(T) — wi-(T)) < 0.
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Proof of the comparison principle

Proof.
From the monotonicity of H(i*, ), it follows that

H (7,0 (8 = Vi (€Djenginy) S H (75 0 () = wie ()i ) -

This contradicts the above inequality.
Therefore, t* = T, and we have:

V(i) €T x [t T], zi(t) < z(T) = e (vi(T) — wi-(T)) < 0.

Therefore, V(i,t) € Z x [t', T], vi(t) < wi(t)+e(T —t) and we
conclude by sending ¢ to 0. O
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Existence and uniqueness theorem

Theorem ((Half-)Global existence and uniqueness)

There exists a unique solution (\/,-T’r) on (—oo, T] to the
i€z
Hamilton-Jacobi/Bellman equation

d
VieZ, 0 = —V()- V(1)
dt
+ sup >N (VJ-T’r(t) - V,-T’r(t)> —-L </7 ()‘ij)jev(i)>
()‘U)jGV(i)GRLrV(I)l JEV(i)

with terminal condition \/,.T’r(T) =g(i), Viel
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Proof of the existence and uniqueness theorem

Proof.
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Our goal is to prove by contradiction that 7 = —cc.

For C € R, let us consider

ve (i t) € x (7%, T] = vE(t) = e T (g(i) + C(T — t)).
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Proof of the existence and uniqueness theorem

Proof.

Vi € Z, the function H(/,-) is locally Lipschitz. Therefore by

Picard-Lindelof theorem there exists a (left-)maximal solution (\/,Tr) .
ic

defined over (7%, T], where 7% € [—o00, T).
Our goal is to prove by contradiction that 7 = —cc.
For C € R, let us consider
ve (i, t) €T x (7%, T) = vE(t) = e "T=9 (g(i) + C(T — t)).
We see that
%V,C(r) () + H (i, (vE(t) - v,-C(t))jev(i))

——Ce"(T- 4 (i, e—r(T—1) (g(j) — g(,'))jev(i)>
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Proof of the existence and uniqueness theorem

Proof.

If 7* is finite, the function

(i) € T x (v, T = e T=9H (i, e T=(g(j) - g(i))jeven )

is bounded.
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If 7* is finite, the function

(i) € T x (v, T = e T=9H (i, e T=(g(j) - g(i))jeven )

is bounded.
So, there exist C; and G, such that V(i, t) € Z x (7%, T],
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~ Ge T 1 H (i, e (T (g(j) g("))jewf)) =0
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Proof of the existence and uniqueness theorem

Proof.

If 7* is finite, the function
(i7 t) €I x (T*a T] = er(T_t)H (’a e_r(T_t)(g(j) - g(’))JGV(I))

is bounded.
So, there exist C; and G, such that V(i,t) € Z x (7%, T],

~ e T 1 1 (5, e (T-9(g(j) — g(1))jeviy) 2 0, and
—Ge -9+ H (ia e (T (g(j) — g(i))jEV(i)) <0.

Applying the above comparison principle over any interval
[t/, T] C (7%, T], we obtain:

V(i,t) e T x[t',T], vo(t) < V/"(t) < v&(d).

37



Proof of the existence and uniqueness theorem

Proof.

38



Proof of the existence and uniqueness theorem

Proof.

By sending t’ to 7* we obtain

V(i,t) € Z x (75, T], va(t) < V//"(t) < v&(d).

38



Proof of the existence and uniqueness theorem

Proof.

By sending t’ to 7* we obtain
V(i,t) € Z x (75, T], va(t) < V//"(t) < v&(d).

In particular, 7* finite implies that the functions (\/,T’r) are
i€z

bounded... in contradiction with the maximality of 7*.

38



Proof of the existence and uniqueness theorem

Proof.
By sending t’ to T

* we obtain

V(i,t) € Z x (75, T], va(t) < V//"(t) < v&(d).

In particular, 7* finite implies that the functions (\/,T’r) are
ieT

bounded... in contradiction with the maximality of 7*.

In the proof of the above results, the convexity of the Hamiltonian
functions (H(i,-))icz does not play any role.

38



Proof of the existence and uniqueness theorem

Proof.

By sending t’ to 7* we obtain
V(i,t) € Z x (75, T], va(t) < V//"(t) < v&(d).

In particular, 7* finite implies that the functions (\/,T’r) are
ieT

bounded... in contradiction with the maximality of 7*.

In the proof of the above results, the convexity of the Hamiltonian
functions (H(i,-))icz does not play any role.

The results indeed hold as soon as the Hamiltonian functions are locally

Lipschitz and non-decreasing with respect to each coordinate.
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Theorem (Verification theorem)

e V(i,t) €T x [0, T],ul"(£) = V7" (¢).
e The optimal controls are given by any feedback control function
verifying for all i € Z, for all j € V(i), and for all t € [0, T],

A (i) e argmax (( Z Aij ( (1) — U (t))> ( 7(>‘ij)jev(i))) i

V(i
(Afj)jev(i)ER“F ol jev(i)
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Going back to the optimal control problem

Theorem (Verification theorem)

e V(i,t) €T x [0, T],ul"(£) = V7" (¢).
e The optimal controls are given by any feedback control function
verifying for all i € Z, for all j € V(i), and for all t € [0, T],

A (i) e argmax (( Z Aij ( (1) — U (t))> ( 7(>‘U)jev(i))) i

V(i
(Aﬁ)jev(i)emr ol jev(i)

V.

The above argmax is a always singleton if the Hamiltonian functions
(H(i,-)); are differentiable (which is guaranteed if (L(/,)); are convex

functions that are strictly convex on their domain).
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What'’s next?

e In many problems, there is no final time T (e.g. no natural T in the
(re)commerce problem)

e What happens when T — co?

e What is the asymptotic behavior of the value function?
e What is the asymptotic behavior of the optimal controls / optimal
transition intensities?

Two cases: r >0 and r=20

40



A general theory for optimal control on
graphs — Asymptotics when r > 0
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Study of the r > 0 case
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Study of the r > 0 case

Proposition
Au)iez € RV, V(i t) e T x Ry, _lim o] " (t) = uf.
T—+o00

Furthermore, (ul)icz satisfies the following stationary Bellman equation:

=0, Viel.

—ruj + H (i’ (uf = u’r)JEV(i))
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Study of the r > 0 case

Proof.
Let us define

ui = SL;pE {— /0+°° e "L (Xfom’ (Af (Xt(J”I’A’j))jeV(Xf’”’*)) dt} '

It is finite because L is bounded from below and because of the
non-degeneracy assumption (we will see it more precisely later).

Let us consider an optimal control \* of the optimal control problem over
[0, T].
Let us define a control X on [0, +00) by:

e \: =\ forte0,T],

e \(i,j) = A(i,j) for t > T, where X is such that

L (i7 ()‘("vj))jEV(i))) < +00.

43
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u —e<E [— /OOO e "L (XE""AE7 (Ai <Xf07i7)\5’j))jEV(Xf’i"\E)) dt] '

45



Study of the r > 0 case

Proof.
Let us consider € > 0 and A® such that

ro__ . > —rt 0,/,)\5 15 O,f,)\s .
u —e<E [ /O e "L (xt , (At <Xt ,J))jev(xg,,,ks)) dt] .
We have
woe < [7 /oTe_nL (X?J‘Ae’ (Af (XS’ME 'j>>jev(xfﬂ"‘*5>) dt}

0,i, A\

roo T.X A€ 7 x%0AS \e
+E 7/ e x, CT AE[x T A DAAE dt
T TEe e
jev | x,
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Study of the r > 0 case

Proof.
Let us consider € > 0 and A® such that

u —e<E [— /OOO e "L (XE""AE7 (Ai <Xt07ix’j>)jev(xf"*”)) dt] '

We have

T N E i \E
fi=s <= 7/ ety X?”‘A ,<>\f (X?”’A j)) o ae &
e jev(xr“ )

0,i, A\

roo T.X A€ 7 x%0AS \e
+E 7/ e x, CT AE[x T A DAAE dt
T TEe e
jev | x,

So liminfr_ 4o u,-T’r(O) > ul —e.
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By sending ¢ to 0, we obtain lim7_ 1 u,-T’r(O) = uf.
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Study of the r > 0 case

Proof.

By sending ¢ to 0, we obtain lim7_ 1 u,-T’r(O) = uf.
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Therefore
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T—+o0 s——o00
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Study of the r > 0 case

Proof.

By sending € to 0, we obtain lim7_; 4 u,.T’r(O) = uf.

We easily see that

VieZ, Vs, t € R,VT > t,u] 757 (¢) = u] T*77(0) = V. (¢ — 5).

I 1

Therefore

V(i,t) eI xRy, lim u["(t)=ul= lim V."'(s)

T—+o0 s——o00

Using the ODEs, we see that % (V-T’r) has a finite limit in —oo0.

1

But, then, that limit is equal to 0.

IET
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Study of the r > 0 case

Proof.
By sending ¢ to 0, we obtain lim7_ 1 u,-T’r(O) = uf.
We easily see that

VieZ, Vs, t € R,VT > t,u] 757 (¢) = u] T*77(0) = V. (¢ — 5).

Therefore

V(i,t) eI xRy, lim u["(t)=ul= lim V."'(s)

T—+o0 s——o00

1

Using the ODEs, we see that & (V-T’r) i, has a finite limit in —oo.
ic

But, then, that limit is equal to 0.
By passing to the limit in the ODEs, we obtain

—rui + H (i, (uj’ — u,-’)jev(’_)) =0, Viel.
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What happens when r — 0

For studying the asymptotic behavior (as T — +00) in the case r =0, a
first step consists in studying what happens when r — 0 in the above.

Our goal is to prove the following proposition:
Proposition
We have:
o IyeR,VieZ limorul =7.
e There exists a sequence (r,)nen converging towards 0 such that
VieZ,(u— u)

e Forallic€Z, if§ =lim, oo u” — uy", then we have

ncn IS convergent.

—y+ H (i, (& = &)jevy) =0
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Lemma
We have:

1. VieZ, re Ry = ru is bounded;
2. VieZ VjeV(i), r e R} — uf — uf is bounded.
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Lemma
We have:

1. VieZ, re Ry = ru is bounded;
2. VieZ VjeV(i), r e R} — uf — uf is bounded.

Proof.

Let us choose (A(/,)))iez.jev(i) € A as in the non-degeneracy
assumption.
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A first lemma to study r — 0

Lemma
We have:

1. VieZ, re Ry = ru is bounded;
2. VieZ VjeV(i), r e R} — uf — uf is bounded.

Proof.

Let us choose (A(/,)))iez.jev(i) € A as in the non-degeneracy
assumption.

By definition of uf we have

uy > E|- /0+°° e "L (X?,i,A7 (/\ (XEJ,A’O),'EV(X?""A)) dt}
> [T inf —L (k (A(k,4)) ) dt
> /0 ) 1)) jevik)
> |nf L (k Ak, 0))jevk ))
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A first lemma to study r — 0

Proof.
From the (lower) boundedness of the functions (L(/,-));ez, we also have
for all ()‘(imj))iel,jEV(i) that

+o0o
E|— =g [ x&0A (A (XS _ )dt}
{ /0 ° ( (r (% J))J’ev(xﬁ'ak)
+o0o
< —Q/ e_"dt:—g.
0 r

Therefore, uf < f%.
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A first lemma to study r — 0

Proof.
From the (lower) boundedness of the functions (L(/,-));ez, we also have
for all ()‘(imj))iel,jEV(i) that

+o0o
E|— =g [ x&0A (A (XS _ )dt}
{ /0 ° ( (r (% J>)J’ev(x{°"ak)
+o0o
< —Q/ e_"dt:—g.
0 r

Therefore, uf < f%.

We conclude that r — ruf is bounded.
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Proof.
Take a family of positive intensities (A(/,)));ez jey(;) as in the
non-degeneracy assumption.
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Take a family of positive intensities (A(/,)));ez jey(;) as in the
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Because the finite graph is connected, for all (i,;) € Z? the stopping time
defined by 7 = inf {£ > 0| XP"* = j} verifies E [r7] < ++oc.
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A first lemma to study r — 0

Proof.

Take a family of positive intensities (A(/,)));ez jey(;) as in the
non-degeneracy assumption.

Because the finite graph is connected, for all (i,;) € Z? the stopping time
defined by 79 = inf {t > o]x?"FA :j} verifies E [r] < +oc.

So V(i,j) € Z?, we have
Tij . .
<" <L (Xto,l’/\’ (A <Xto’,7A’j>>jeV(x°»hA)> +C> “

)
E {/Orf ertdt} (ir;ffL( Ak Njevge) + C) ot (j+ %)
g

> E[r] (mf L (ks ks ) )+C>+u

u,-'+£2E
r

S—

~ o

terr? <uj' 4F

Y
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A first lemma to study r — 0

Proof.

Take a family of positive intensities (A(/,)));ez jey(;) as in the
non-degeneracy assumption.

Because the finite graph is connected, for all (i,;) € Z? the stopping time
defined by 79 = inf {t > o]x?"FA :j} verifies E [r] < +oc.

So V(i,j) € Z?, we have
Tij . .
<" <L (Xto,l’/\’ (A <Xto’,7A’j>>jeV(x°»hA)> +C> “

)
E {/Orf ertdt} (ir;ffL( Ak Njevge) + C) ot (j+ %)
g

> E[r] (mf L (ks ks ) )+C>+u

u,-'+£2E
r

S—

~ o

terr? <uj' 4F

Y

So uf — uf < —E [r7] (infk L (k, (A(k,j))jev(k)) +g) .
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A second lemma to study r — 0

We now come to a comparison principle:
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A second lemma to study r — 0

We now come to a comparison principle:

Lemma

Let e > 0. Let (v;)iez and (w;)iez be such that

—evi+ H (i, (vj — v,-)jev(,.)) > —ew; + H (i, (wj — W,')jev(,.)) , Viel.

ThenVi e Z,v; < w;.
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Proof.

Let us consider (z;)jcz = (vi — wj)iez-
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Let us consider (z;)jcz = (vi — wj)iez-

Let us choose i* € 7 such that z;+ = max;cz z;.
By definition of /*, we know that

Vi€ V(i*), vie — wie > v —

Vji e V(i*), vi — vi- < wj — wj-
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Let us consider (z;)jcz = (vi — wj)iez-

Let us choose i* € 7 such that z;+ = max;cz z;.
By definition of /*, we know that

Vi€ V(i*), vie — wie > v —

Vji e V(i*), vi — vi- < wj — wj-

Because H(i*, ) is nondecreasing

H (r (v — V,'*)jEV(i*)) S (’ (w; = Wi*)jevo*)) '
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A second lemma to study r — 0

Proof.

Let us consider (z;)jcz = (vi — wj)iez-

Let us choose i* € 7 such that z;+ = max;cz z;.
By definition of /*, we know that

Vi€ V(i*), vie — wie > v —

Vji e V(i*), vi — vi- < wj — wj-
Because H(i*, ) is nondecreasing
H (i*7 (v — V"*)jev(i*)) <H (i*’ (wj — W/*)jev(i*)) .
We have therefore e(v;« — w;«) < 0, so

VieZ,vi—w < v —wp <0.
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The last lemma to prove the result is:
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A third lemma to study r — 0

The last lemma to prove the result is:

Lemma

Let n,pu € R. Let (v;)iez and (w;)icz be such that
—n+H (i, (v — v,-)jev(,)) -0, Viel,
4+ H (i, (w; — w,-)jev(,.)) -0, Viel

Then n = p.
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Proof.

By contradiction, we can assume 7 > p (up to an exchange).
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A third lemma to study r — 0

Proof.
By contradiction, we can assume 7 > p (up to an exchange).
Let
C =sup(w; —v;)+1
i€eZ
and
_ n—p n—p
EF =

sup;ez(wj — vi) —infiez(w; — v;) +1 T € supjez(vi — w;)’
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A third lemma to study r — 0

Proof.
By contradiction, we can assume 7 > p (up to an exchange).
Let
C =sup(w; — v;) +1
i€eZ
and
n—p n—p

sup;ez(wj — vi) —infiez(w; — v;) +1 T € supjez(vi — w;)’

From these definitions, we have

VieZ, vi+C>w and 0<e(vi—w;+C)<n—p.
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A third lemma to study r — 0

Proof.
By contradiction, we can assume 7 > p (up to an exchange).
Let
C =sup(w; — v;) +1
i€eZ
and
n—p n—p

sup;ez(wj — vi) —infiez(w; — v;) +1 T Cr supjez(vi — w;)’
From these definitions, we have

VieZ, vi+C>w and 0<e(vi—w;+C)<n—p.
We obtain

e(vi—wj+C)<H (iv(‘/j - Vi)jev(i)) —H (iv(Wf - Wi)jev(;))
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A third lemma to study r — 0

Proof.

Reorganizing the terms, we have

—ewi+H (i, (w; — w,-)jev(,)) < —(vi+C)+H (i, (v + C) — (vi + C))J.EV(,.)> .
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Proof.

Reorganizing the terms, we have
el (/, (w; — W,-)jev(,)) < —(vi+C)+H (i, (v + C) — (vi + C))jev(,.)> .

From the previous lemma it follows that Vi € Z,v; + C < w;, in
contradiction with the definition of C.
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A third lemma to study r — 0

Proof.

Reorganizing the terms, we have
el (/, (w; — W,-)jev(,)) < —(vi+C)+H (i, (v + C) — (vi + C))jev(,.)> .

From the previous lemma it follows that Vi € Z,v; + C < w;, in
contradiction with the definition of C.

We conclude 1 = p.

56
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What happens when r — 0

We are now ready to prove our proposition:
Proposition
We have:

o IyeR,VieZ, lim_grul =7.

e There exists a sequence (r,)nen converging towards 0 such that
Vi € L, (uj" — uy") ey fs convergent.

o Forall i€, if& =limy_yo0 u” — uy", then we have

—y+ H (i, (& = &)jevy) =0
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Proof of what happens when r — 0

Proof.
From the first lemma, we can consider a sequence (r,),en converging

towards 0, such that
Fal™ — 7

and
In I'n
u" —u" — &
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Proof of what happens when r — 0

Proof.
From the first lemma, we can consider a sequence (r,),en converging
towards 0, such that

Fal™ — 7
and
In I'n
u" —u" — &
We have
0= lim ry(u”—u")= lim ryu” — |lim r,uf =~ — .
n—-+o00 n( ! 1) n—-+o00 n=i n——+o0o n-1 i m
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Proof of what happens when r — 0

Proof.
From the first lemma, we can consider a sequence (r,),en converging
towards 0, such that

Fal™ — 7
and
In I'n
u" —u" — &
We have
0= lim ry(u”—u")= lim ryu” — |lim r,uf =~ — .
n—-+o00 n( ! 1) n—-+o00 n=i n——+o0o n-1 i m

Therefore, v; =« is independent of /.
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Proof of what happens when r — 0

Proof.

Passing to the limit when n — +o0 in

—r,u” + H (i, (u-’” - u,r) ) =0
J JEV(i)
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Proof of what happens when r — 0

Proof.

Passing to the limit when n — +o0 in
—ru - H | i (u-’” - u-’") =0
i ( "\ ") jev(i

—y+H (i7 &= fi)jev(,-)) = (.

we obtain
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Proof of what happens when r — 0

Proof.

Passing to the limit when n — +o0 in

—rau + H (i, (ufn - u;n) ) —0
/ jev(i)
we obtain
—y+ H (i,(& = &jevy) =0
To complete the proof, we need to prove that + is independent of the
choice of the sequence (r,)qen: this is a consequence of third lemma. [

v
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Comments on the limit case r — 0

e The equation

—y+H ("7 (& — f")jev(i)) =0 J

is central in the study of the limit T — 400 when r = 0.
e In the above equation, v is unique (third lemma).

e Under some additional assumptions (;); can be unique up a
constant.

60



When the Hamiltonian functions are increasing
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When the Hamiltonian functions are increasing

Proposition

Assume that Vi € Z, H(i,-) is increasing with respect to each coordinate.
Let (v;)iez and (w;)iez be such that

N+ H (i, (v — v,-)jev(,.)> -0, Vied,
—v+H (i, (wj — W")jev(i)) =0, VielTl.

Then 3C,¥i € Z,w; = v; + C, i.e. uniqueness is true up to a constant.

<
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Proof.

Let us consider C = sup;c7 w; — v;.
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When the Hamiltonian functions are increasing

Proof.
Let us consider C = sup;c7 w; — v;.
By contradiction, assume there exists j € Z such that v; + C > w;.

Because the graph is connected, we can find i* € Z such that
vi+ + C = w;= and such that there exists j* € V(i*) satisfying
vj- + C > wj-.
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Let us consider C = sup;c7 w; — v;.
By contradiction, assume there exists j € Z such that v; + C > w;.

Because the graph is connected, we can find i* € Z such that
vi+ + C = w;= and such that there exists j* € V(i*) satisfying
vj- + C > wj-.

The strict monotonicity of the Hamiltonian functions implies that
H (7, (4 + ©) = (e + Ojerrny) > H (15 () = Wie )iy

in contradiction with the definition of (v;)icz and (w;);ez.
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When the Hamiltonian functions are increasing

Proof.

Let us consider C = sup;c7 w; — v;.
By contradiction, assume there exists j € Z such that v; + C > w;.

Because the graph is connected, we can find i* € Z such that
vi+ + C = w;= and such that there exists j* € V(i*) satisfying
vj- + C > wj-.

The strict monotonicity of the Hamiltonian functions implies that
H (7, (4 + ©) = (e + Ojerrny) > H (15 () = Wie )iy
in contradiction with the definition of (v;)icz and (w;);ez.

Therefore Vi € Z, w; = v; + C.
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A general theory for optimal control on
graphs — Asymptotics when r =0

63



A change of variables

64



A change of variables

e Compared to the case r > 0, the case r = 0 is more subtle and more
complex.

64



A change of variables

e Compared to the case r > 0, the case r = 0 is more subtle and more
complex.

o u,.T’O(O) is not indeed the right “object”, but rather uiT’O(O) —~T
that will converge towards a finite limit
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e Compared to the case r > 0, the case r = 0 is more subtle and more
complex.

o u,.T’O(O) is not indeed the right “object”, but rather uiT’O(O) —~T
that will converge towards a finite limit — = will appear to be the
average gain per unit of time.
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A change of variables

e Compared to the case r > 0, the case r = 0 is more subtle and more
complex.

o u,.T’O(O) is not indeed the right “object”, but rather uiT’O(O) —~T
that will converge towards a finite limit — = will appear to be the
average gain per unit of time.

e To study the problem, we consider a change of variables:

VieZ Ut e RE s 0] %(T —t) )
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A change of variables

e Compared to the case r > 0, the case r = 0 is more subtle and more
complex.

o u,.T’O(O) is not indeed the right “object”, but rather uiT’O(O) —~T
that will converge towards a finite limit — = will appear to be the
average gain per unit of time.

e To study the problem, we consider a change of variables:

VieZ Ut e RE s 0] %(T —t) )

This function solves

4
dt

with Vi € Z, U;(0) = g(i).

Ui(t) + H <i7 (Ui(t) — U,-(t))jev(,.)) =0, V(i,t)eTxR,
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Towards convergence

For any constant C, let us introduce

wC: (i,t) €T x [0,+00) = wi(t) =yt + &+ C J
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Towards convergence

For any constant C, let us introduce

wC: (i,t) €T x [0,+00) = wi(t) =yt + &+ C J

We have

_%w,-c(t) +H (i, (W () = wE () )

v+ H (i, (& — 5")16\/("))
=)
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The ODEs for U satisfy a comparison priciple similar to that proved
earlier.
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The ODEs for U satisfy a comparison priciple similar to that proved
earlier.

We can build a lower bound w© and an upper bound w® by:

G
Wi

(t) =yt + & + G with G = minj(g(j) — &)
W,-CZ(t) =t + & + G with G = max;(g(j) — &)
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Towards convergence

The ODEs for U satisfy a comparison priciple similar to that proved
earlier.

We can build a lower bound w© and an upper bound w® by:

G
Wi

(t) =yt + & + G with G = minj(g(j) — &)
W,-CZ(t) =t + & + G with G = max;(g(j) — &)

We deduce that ¥ : t € [0, +00) — U(t) — vt1 is bounded
— Our goal is to show that it converges when t — +00 under the
assumption of strict monotonicity for H.
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A slightly modified equation and its properties

 solves the slightly modified equation

d . - . .
—aVi(t) -7+H (’»(Vj(t) - Vi(t))jev(,')> =0, V(it)eI xRy

with Vi € Z, ¥;(0) = g(i).
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A slightly modified equation and its properties

 solves the slightly modified equation

d . - . .
—EVi(t) -7+H (’»(Vj(t) - Vi(t))jev(,')> =0, V(it)eI xRy

with Vi € Z, ¥;(0) = g(i).

We introduce for all (s,y) € R, x RN the equation

d. . o . .
,Ey,-(t) —v+H (/, (yi(t) — y,-(t))jev(’.)> =0,VY(i,t) € Z x [s,+00),
(Esy)
with 9;(s) = y;, Vi € Z.
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First property: comparison principle

Proposition (Comparison principle)

Let s € R.. Let (y.)icz and (V;)iez be two continuously differentiable
functions on [s, +00) such that

. .

dt I —-7+H ( )JEV(/)) 20, V(’v t) €I x [s,JrOO),
_ d ( yi )jeV(/)) <0, V(h t) eI [s, +OO)’
andVi € L,y (s) <y(s).

Then y.(t) < y(t),V(i,t) € T x [s, +00).
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Second property: strong maximum principle

Proposition (Strong maximum principle)
Let s € R.. Let (y.)icz and (V;)iez be two continuously differentiable

functions on [s, +00) such that

_ %X;(t) -y+H (i7 (Zj(t) - Xi(t))jev(i)) -0

a %Y,(t) 7 +H (i’ (7;(t) = Yi(t))jev(i)) =0, VY(i,t)eTx][s,+00),
and y(s) < ¥(s), ie. Vj € ,y,(s) <¥,(s) and 3i € I,y (s) <¥i(s)-

W(i, ) € T x [s, +00),

Then y (t) <y;(t),V(i,t) € Z x (s, +00).
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Second property: strong maximum principle

Proof.
If there exists (i, t) € Z x (s, +00) such that y.(t) = y,(t), then tis a

1

maximizer of the function t € (s, +00) — y.(t) — ¥;(t). Hence,
&y (D) = &yi(D.
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Second property: strong maximum principle

Proof.
If there exists (i, t) € Z x (s, +00) such that y.(t) = y,(t), then tis a

maximizer of the function t € (s, +00) — y.(t) — ¥;(t). Hence,
&y (D) = &yi(D.
We deduce that

v =70 = H ( (v, ® - x,(f))jev(,_) = H (i, (7,0 = 7(D) )
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Second property: strong maximum principle

Proof.

If there exists (i, t) € Z x (s, +00) such that y.(t) = y,(t), then tis a
maximizer of the function t € (s, +00) — y.(t) — ¥;(t). Hence,
&y (D) = &yi(D.

We deduce that

(=7 = H ( (8 - x,(f))jev(,_) = H (i, 70 = 7))
Because H(i,-) is increasing,

y(8) =¥i(t) = Vj e V(i),y,(t) = y,()

70



Second property: strong maximum principle

Proof.

If there exists (i, t) € Z x (s, +00) such that y.(t) = y,(t), then tis a
maximizer of the function t € (s, +00) — y.(t) — ¥;(t). Hence,
&y (D) = &yi(D.

We deduce that

(=7 = H ( (8 - x,(f))jev(,_) = H (i, 70 = 7))
Because H(i,-) is increasing,
v =¥iD) = Vj e W(i),y,(B) = ,(})

As the graph is connected,

y(t) =yi(t) = VieZLy(t) =yt

70
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Second property: strong maximum principle

Proof.
If there exists (i, t) € Z x (s, +00) such that y (t) = ¥;(t), we define

F— {t € (5,+00),¥j € T,y (t) = yj(t)} .
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If there exists (i, t) € Z x (s, +00) such that y (t) = ¥;(t), we define

F— {t € (5,+00),¥j € T,y (t) = yj(t)} .

We have:

71



Second property: strong maximum principle

Proof.
If there exists (i, t) € Z x (s, +00) such that y (t) = ¥;(t), we define
F={te(s,+00), Wi € Ty (t) =7(1)} .

We have:

e F is nonempty since t € F.
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Second property: strong maximum principle

Proof.
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Second property: strong maximum principle

Proof.
If there exists (i, t) € Z x (s, +00) such that y (t) = ¥;(t), we define

F = {t € (5,+00),Yj € T,y (1) = yj(r)} :

We have:
e F is nonempty since t € F.
e [ is also closed.
e y(s) < y(s) implies that t* = inf F = min F > s.
y and y are two local solutions of the Cauchy problem (Et*_z(t*)) so they

are equal in a neighborhood of t*... which contradicts the definition of t*.

We conclude that

y,(t) <¥i(t),¥(i,t) € T x (s, +00).
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where y is the solution of (Eg,,).
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Third property: semi-group and continuity

For all t € R, we introduce the operator S(t) : y € RV s §(t) € RV,
where y is the solution of (Eg,,).
Proposition
S satisfies the following properties:
o Vi, t' € Ry, S(t)oS(t') =S(t+t')=S(t")oS(t).
o Vt € Ry, Vx,y € RV, [|S(£)(x) = S()(1)lloe < X = ¥l - In
particular, S(t) is continuous.
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Third property: semi-group and continuity

Proof.
The first point is trivial (Picard-Lindeldf).

For the second point, let us introduce
yiteR, = S(t)(x) and y:teRL = S(E)y)+x—yll T

We have y(0) = x < y + ||x — y|. I = ¥(0), so

vVt e Ry, y(t) <y(t)

Vee Ry, S(t)(x) < S(O)(y) + lIx —yll. T

Reversing the role of x and y we obtain

[I5(8)(x) = SOl < X =¥l -
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In order to study the asymptotic behavior of V, we define the function

q:t € Ry — q(t) = sup(Vi(t) — &)
IET
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Dynamics of the upper bound

In order to study the asymptotic behavior of V, we define the function

q:t€Ry = q(t) =sup(Vi(t) — &)
ieT
We have the following lemma:
Lemma
g Is a nonincreasing function, bounded from below. We denote by
Goo = limy— 1+ oo q(t) its lower bound.
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Proof.
Let s € Ry. Let us define y : (i,t) € Z x [s,00) — V;(t) and
y:(i,t) €I x[s,00) = q(s) + &

We have Vi € Z, y (s) < ¥;(s) and
d_ o
—27i(8) =7+ H (i, 57,0 = 7(8) s
= =7+ H (i, (& = E)jevy) = 0 Virt) € T x [5,+00).

We conclude that V(i, t) € Z X [s, +00), y.(t) < y;(t), i.e.

Z

Vi(t) < q(s) +&;. In particular g(t) < g(s),Vt > s.
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Proof.
Let s € Ry. Let us define y : (i,t) € Z x [s,00) — V;(t) and
y:(i,t) €I x[s,00) = q(s) + &

We have Vi € Z, y (s) < ¥;(s) and
d_ v _
—27i(8) =7+ H (i, 57,0 = 7(8) s

= =7+ H (i, (& = E)jevy) = 0 Virt) € T x [5,+00).

We conclude that V(i, t) € Z X [s, +00), y.(t) < y;(t), i.e.

Z

Vi(t) < q(s) +&;. In particular g(t) < g(s),Vt > s.

Because ¥ is bounded, so is g and its limit g = lim¢— oo q(2).
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The convergence theorem

Theorem

The asymptotic behavior of V is given by

VielZ, t—llToo Vi(t) = & + Goo-
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0(tn) = U0 < €+ gool.
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The convergence theorem

Proof.
As ¥ is bounded, there exists (t,), converging towards +oco such that

0(tn) = Doo < €+ gocl.
Because V is bounded and satisfies (Eg ) for y = (vi)iez = (g(i))iez, we
can apply Arzela—Ascoli theorem to

K={s€]0,1] = 0(t,+ s)|n € N}.

There exists a subsequence (t,(,), and a function z € C° ([0, 1], RY)
such that (5 €[0,1] — ¥ (t¢(n) = 5))n converges uniformly towards z
(with z(0) = V). Using the results on the semi-group, we have that z
solves the ODEs:

we[o,ll,su)(z(o»:su)( im 0<t¢<n>)) = lim_5(t) (9 (t4n))

n—-+4oo

= im0 (t+ tym) = 2(t).

n—+o0
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The convergence theorem

Proof.
Now, if
Z(O) = Vo < £+ qOOT

then the strong maximum principle implies that
2(1) < € + gool.
Therefore there exists n € N such that ¥ (t¢,(n) 4F 1) < &+ gool. This
implies g (t¢(,,) 4= 1) < goo: a contradiction.
This means that z(0) = Vs, = € + gool.

In other words, for any sequence (t,), converging towards +o0o such that
(9(tn))n is convergent, the limit is & + goo1.

This means that Vi € Z, lim;—, {0 Vi(t) = & + goo-
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Conclusion for the optimal control problem

Corollary

The asymptotic behavior of the value functions associated with our
problem when r = 0 is given by

VieZ,VteRy,u"(t) =T —t) +& + goo + o (1)
—+o00

The limit points of the associated optimal controls for all t € R, as
T — oo are feedback control functions verifying Vi € Z,Vj € V(i):

(i, j) € argmaazv ) (( Z (& — E,-)) —L (i7 (Aij)jEV(i))>
i )

A1)y €RY jev(
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Conclusion for the optimal control problem

Corollary
The asymptotic behavior of the value functions associated with our
problem when r = 0 is given by

VieZ,VteRy,u"(t) =T —t) +& + goo + o (1)
—+o00

The limit points of the associated optimal controls for all t € R, as
T — oo are feedback control functions verifying Vi € Z,Vj € V(i):

(i, j) € argmaz ‘ (( Z (& — f,-)) —L (i7 OVJ‘)jeV(i)))
i )

v .
(Aif)jev(i)ERL 0 Jev(

Remark: if (L(7,-)); are convex functions that are strictly convex on their
domain, the Hamiltonian functions (H(/,-)); are differentiable and the
optimal controls converge towards the unique element of the above

argmax.
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Conclusions about the general theory

What we have seen
e \We have seen that optimal control problems on graphs appear

naturally.

e We have provided, under simple assumptions, a way to characterize
optimal controls (with ODEs).

e We have generalized the results to the case of infinite horizon
problems when r > 0 (stationary problems).

e We have obtained a (difficult) result on the asymptotic behavior far
from T when r = 0.

What we are going to see now

e A special case where all equations can be transformed into linear
ones
— Intensive use of linear algebra and matrix analysis.

e An important application to market making: the solution to

Avellaneda-Stoikov equations.




Entropic costs: when nonlinearities vanish J
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Introduction

We previously considered a general framework. In what follows we
consider a specific case of interest:

Assumptions

e No discount rate: r =0

e Functions L of the following form:
. V(i .
L(i,-): (/\U)jev(i) € R‘-v vl = L (’7 (/\U)jev(i))
where

L(i, Oidjevy) = —h()+ 3 (Aglog(Ag) + bjAy)
JjeV(i)

e These functions L satisfy the assumptions of the previous sections.

e Because of the term 3,y Ajj log(A;j), we talk of entropic costs.

jeV(i
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The interest of this family of cost functions lies in the resulting form of
the Hamiltonian functions:
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The Hamiltonian functions

The interest of this family of cost functions lies in the resulting form of
the Hamiltonian functions:

Proposition

Vi,Vp = (pj)jev(i) € RIVOI

H(i,p) = h(i)+ > e '"bien.
jevii

Moreover, the supremum in the definition of H(i, p) is reached when

VieV(i), XNj=A;j=e TPl
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The Hamiltonian functions

Proof.

H(i, p) = h(i) + sup > (e — (A log(Ag) + biiAj)) -

vl . .
)jevin €RY ! jev(iy
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The Hamiltonian functions

Proof.
H(i, p) = h(i) + sup > (Agp — (Njlog(Ag) + biAj)) -
M)jevn €Y jev(i)
The first order condition associated with the supremum writes:

VjeVv(i),p; — Iog()\E) — = =0

Vi eV(i), Aj=el"biel

Plugging that formula, we obtain

H(i,p) = h(i)+ Z e~ 1=bijopi

JeV(i)
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Hamilton-Jacobi / Bellman equations

The ODEs characterizing the value function writes:
V(i,t) € Z x [0, T],

VT + 1 (3, (T (0) = VT (0)00)) = O

with terminal condition V.'(T) = g(i), VieZ.
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Hamilton-Jacobi / Bellman equations

The ODEs characterizing the value function writes:
V(i,t) € Z x [0, T],

T+ (3 (1 () = VT (0) ) = O

with terminal condition V.'(T) = g(i), VieZ.

In the present case:
V(i,t) e Z x [0, T],
d

T : —1—b; T\ _ /T _
pral <t)+h(/)+_§_)e1 exp (V;7(t) = Vi (t)) =0
J 1

with terminal condition V;"(T) = g(i), Vi€ Z.

1
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with terminal condition w,” (T) = e€(), Vi T.
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Change of variables

Let us introduce the change of variables

V(i t) € T x [0, T], w/T (t) = exp (V7 (1)) J

Then the system of ODEs writes

v(i,t) € Z x [0, T],

T T —1—bj T (s _
20 (0 + h()w(8) + _;ﬁe "w(t) =0
J i

with terminal condition w,” (T) = e€(), Vi T.

This is a system of linear ODEs!
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Solution to the ODEs

Proposition
Let B = (Bjj)(ijjez> be the matrix defined by

e~ 1=bi ifj e V(i),

Bj={ h(i), ifj=1i,
0, otherwise.
Let g be the column vector (e, ... e8(N))’.

Then, w” : t € [0, T] — w (t) = eB(T—0)g is the unique solution to the
above system of ODEs
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Solution to the ODEs

Proposition
Let B = (Bjj)(ijjez> be the matrix defined by

e~ 1=bi ifj e V(i),

Bj={ h(i), ifj=1i,
0, otherwise.
Let g be the column vector (e, ... e8(N))’.

Then, w” : t € [0, T] — w (t) = eB(T—0)g is the unique solution to the
above system of ODEs

Remark: w'(t) > 0 (as a vector) is a consequence of the positiveness of

&P INI(T =), T () — (Btsums HDIN(T=8)g <
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Value function and optimal controls

Theorem
We have:

e Vi€ ZVte|0,T],ul(t) =log(w/(t)).

e The optimal controls are given in feedback form by:

Vi€ I,V € V(i),Vt € [0, T], Ni(i,j)=e >

2
-
—

~
~—
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regime?
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Value function and optimal controls

Theorem
We have:

e Vi€ ZVte|0,T],ul(t) =log(w/(t)).

e The optimal controls are given in feedback form by:

Vi€ I,V € V(i),Vt € [0, T], Ni(i,j)=e >

2
-
—

~
~—

A question remains: what can we say about the asymptotic
regime?
We can guess that the ergodic constant v and the vector £ are linked to
spectral properties of B: a matrix with nonnegative off-diagonal entries.
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Some definitions

Definition
Given two matrices A, B € M, ,(C), we say that
e A < B if the entries of B — A are all real and nonnegative.

e A < B if the entries of B — A are all real and positive.

We say that A is nonnegative (resp. positive) if A >0 (resp. A > 0).
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Some definitions

Definition
Given two matrices A, B € M, ,(C), we say that
e A < B if the entries of B — A are all real and nonnegative.

e A < B if the entries of B — A are all real and positive.

We say that A is nonnegative (resp. positive) if A >0 (resp. A > 0).

For A = (a;)ij € M, »(C), we define |A| = (|ajj|); )

Remark: The definitions apply to column vectors (p = 1).
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Some definitions

Definition

Given a matrix A € M,(C) we define
e Sp(A) the set of its eigenvalues.
e Spp(A) = Sp(A) N R the set of its real eigenvalues.
o p(A) =sup{|z||z € Sp(A)} the spectral radius of A.
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A first classical result about spectral radius is the following:

Proposition
Let A e M,(C).

lim A" =0 < p(A) < 1

m—+00

Proof.

=> is trivial using a Jordan decomposition and looking at diagonal terms.

< Each Jordan block of A writes A =\ + J where J is nilpotent of
index p and |A| < 1.




Spectral radius and convergence of powers

A first classical result about spectral radius is the following:

Proposition
Let A e M,(C).

lim A" =0 < p(A) < 1

m—+00

Proof.

=> is trivial using a Jordan decomposition and looking at diagonal terms.

< Each Jordan block of A writes A =\ + J where J is nilpotent of
index p and |A| < 1.
We have therefore for m > p:

p—1
AT =N "IN K 0 O
k=0
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Proposition (Gelfand’s formula)

Let A e M,(C).
p(A) = lim A"/

m—+00

for any norm on M,(C).
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Spectral radius: Gelfand’s formula

Proposition (Gelfand’s formula)

Let A e M,(C).
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Proposition (Gelfand’s formula)

Let A e M,(C).
p(A) = lim A"/

m—+00

for any norm on M,(C).

Proof.

Because of the equivalence of norms, we easily see that the result needs
to be proved for one norm only.

We choose a matrix norm induced by a norm on R".

If x is an eigenvector of A for the eigenvalue A\ with |\| = p(A), then

p(A)IXIl = [[Ax]] = [lAx][ < [|A][]|x|

So p(A) < ||All and p(A) = p(AT)/™ < ||AT||H/™.
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Proof.
Now, for any e > 0, p (p(A‘;Jre) < 1. Therefore, there exists m. € N such
that Vm > m.:
(o)
- <1
p(A) + €

JA]Y™ < p(A) +e.
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Proof.

Now, for any e > 0, p (p(A‘;Jre) < 1. Therefore, there exists m. € N such
that Vm > m.:

|G

JA]Y™ < p(A) +e.

<1

We conclude that
lim [JA7|[}/™ = p(A)

m—>—+0o0
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Let A, B € M,(R) and assume 0 < A < B.

Then,
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Proof.
0<A<SB=0<A"<B™ = |A™| < |IB"|

where the norm on matrices is the 2-norm (Frobenius norm).
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Spectral radius: comparison for nonnegative matrices

Proposition
Let A, B € M,(R) and assume 0 < A < B.

Then,
p(A) < p(B)

Proof.
0<A<SB=0<A"<B™ = |A™| < |IB"|

where the norm on matrices is the 2-norm (Frobenius norm).

Using Gelfand's formula, we obtain p(A) < p(B). O

96



Positive matrices: a first lemma

97



Positive matrices: a first lemma

We now focus on the case of positive matrices. We have a first
(important) lemma:

97



Positive matrices: a first lemma

We now focus on the case of positive matrices. We have a first
(important) lemma:

Lemma

Let A € M,(R) be a positive matrix.
Let x,y € R".

x<yandx#y =— Ax<Ay
=  Je>0,(1+€)Ax < Ay

97



Positive matrices: a first lemma
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(important) lemma:

Lemma

Let A € M,(R) be a positive matrix.
Let x,y € R".

x<yandx#y = Ax<Ay
=  Je>0,(1+€)Ax < Ay

Proof.
For all i € Z,
n n
(Aly = x))i = ZAU(YJ —xj) = min A Z(y, —xj) >0
=1 ~~—— =1
>0 S
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Positive matrices: a first lemma

We now focus on the case of positive matrices. We have a first
(important) lemma:

Lemma
Let A € M,(R) be a positive matrix.
Let x,y € R".
x<yandx#y =— Ax<Ay
=  Je>0,(1+€)Ax < Ay
Proof.
For all i € Z,
n n
(Aly —x))i = ZAU(YJ = xj) = min A Z(yj —x) >0
Jj=1 N—— j=1
>0 ~——
>0
So Ax < Ay and there exists € > 0, such that (1 + ¢)Ax < Ay. O
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We are now ready to state a fundamental theorem for positive matrices:

Theorem (Perron’s theorem)

Let A € M,(R) be a positive matrix. We have the following:
e p(A) > 0.
e p(A) is an eigenvalue of A.

e the associated eigenspace is of dimension 1 and spanned by a
positive vector.

e the algebraic multiplicity of p(A) is 1.
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p(A) > 0 as Tr(A) > 0.

Let (A, x) be an eigenpair with |\| = p(A).
Ax = Xx = p(A)|x] = |Ax| < Alx]|
If p(A)|x| # A|x]|, there exists € > 0 such that

(1+ €)p(A)Alx| < A%|x]
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Proof.
p(A) > 0 as Tr(A) > 0.

Let (A, x) be an eigenpair with |\| = p(A).
Ax = Xx = p(A)|x] = |Ax| < Alx]|
If p(A)|x| # A|x]|, there exists € > 0 such that
(1+ p(AAIK] < A2lx
So (1 + €)p(A)?|x| < A%|x| and we can iterate:

(14 p(AP || = (1 + 2 p(Ap(A)Ix| < (1 + €p(APAlx| < A%Jx]

Vm>2, (1+6)"  p(A)"|x| < A"|x]
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Proof.

We deduce that for the matrix norm induced by the sup-norm on R":

Vm>2, [[A"] = (1+€)" p(A)"
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Proof.

We deduce that for the matrix norm induced by the sup-norm on R":
Vm>2, [JAT|| > (1+ €)™ p(A)"

Using Gelfand's formula we obtain p(A) > (1 + €)p(A)... a contradiction.

We conclude
p(A)|x| = Alx|

and
x| >0 = p(A)|x| = Alx| >0 = x| > 0.

Now, if X is another eigenvector for the eigenvalue p(A), we have, as
before, that |X| is also an eigenvector for the eigenvalue p(A), and

p(A)X] = [AX] < AlX| = p(A)|X|

So we have an equality case in the triangular inequality |AX| < AJX].
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Proof.

The first coordinate gives that arg(A;X;) is independent of j. As A > 0,
we have X = e/f|%|.
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The first coordinate gives that arg(A;X;) is independent of j. As A > 0,
we have X = e/f|%|.

Now, let us consider ¢ = min|g | |Xi|/|Xi].
If |x| # c|X|, then

x| = clxl = p(A)lx] = Alx| > cAIZ] = cp(A)lx| = Ix| > cll

which contradicts the definition of c.
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Positive matrices: Perron’s theorem

Proof.

The first coordinate gives that arg(A;X;) is independent of j. As A > 0,
we have X = e/f|%|.

Now, let us consider ¢ = min|g | |Xi|/|Xi].

If |x| # c|X|, then

x| = clxl = p(A)lx] = Alx| > cAIZ] = cp(A)lx| = Ix| > cll

which contradicts the definition of c.

We conclude that |x| = c|%| = ce™"%, i.e. the eigenspace associated

with p(A) is of dimension 1.
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Proof.

Applying the above reasoning to both A and A’, we exhibit two positive
vectors u and v such that

Au=p(A)u and A'v=p(A)v.
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Positive matrices: Perron’s theorem

Proof.
Applying the above reasoning to both A and A’, we exhibit two positive
vectors u and v such that

Au=p(A)u and A'v=p(A)v.

u'v > 0 so R" = span(u) @ span(v)t. Since span(v)~ is stable by A,

there exists P € GL,(R) such that

—i __ p(A) 0
PAP _< 0 A)

As the eigenspace of A associated with p(A) is of dimension 1, p(A)
cannot be an eigenvalue A
We conclude that p(A) has algebraic multiplicity 1. O]
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A first extension to nonnegative matrices

A natural question is “what can be generalized to nonnegative
matrices?"”.

A first result is the following:

Proposition

Let A € M,(R) be a nonnegative matrix.

Then p(A) is an eigenvalue of A and there exists a nonnegative
eigenvector associated with p(A).
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such that
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We can extract a subsequence x, — x with x > 0 and ||x|| = 1.

Because A < A, < A, for p > g, the sequence (p(Ay))p is
nonincreasing and converges towards p > p(A).

We obtain
Ax=px |[Ix][=1 x>0

104



A first extension to nonnegative matrices

Proof.
We define A, = A+ %J where J is a matrix with all entries equal to 1.
By Perron’s theorem, there exists for each p > 1, a positive vector x,
such that

Apxp = p(Ap)Xp  [Ixpll = 1

We can extract a subsequence x, — x with x > 0 and ||x|| = 1.

Because A < A, < A, for p > g, the sequence (p(Ay))p is
nonincreasing and converges towards p > p(A).

We obtain
Ax=px |[Ix][=1 x>0

As p > p(A) is an eigenvalue, we have p = p(A). O

104



A song of matrices and graphs

105



A song of matrices and graphs

In order to generalize other results, we need an additional assumption:
irreducibility.

105



A song of matrices and graphs

In order to generalize other results, we need an additional assumption:
irreducibility.

Let us start with a few definitions:

105



A song of matrices and graphs

In order to generalize other results, we need an additional assumption:
irreducibility.

Let us start with a few definitions:

Definition
For A € M,(C) we denote by M(A) the matrix with entries (1,,0);- J

105



A song of matrices and graphs

In order to generalize other results, we need an additional assumption:
irreducibility.

Let us start with a few definitions:

Definition

For A € M,(C) we denote by M(A) the matrix with entries (1,,0);-

Definition
For A € M,(C) we define I'(A) the directed graph with adjacency matrix
M(A)

105



A song of matrices and graphs

In order to generalize other results, we need an additional assumption:
irreducibility.

Let us start with a few definitions:

Definition

For A € M,(C) we denote by M(A) the matrix with entries (1,,0);-

Definition
For A € M,(C) we define I'(A) the directed graph with adjacency matrix
M(A)

We shall relate properties of A with properties of I'(A).
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Lemma

For Ae M,(C), meN, and 1 < i,j < n, the three following statements
are equivalent:

e (|A™); >0
e (M(A)); >0
e there exists a path a length m from i to j in the graph T'(A).
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Lemma

For Ae M,(C), meN, and 1 < i,j < n, the three following statements
are equivalent:

e (|A™); >0
e (M(A)); >0
e there exists a path a length m from i to j in the graph T'(A).

Proof.
(JAI™); = > |akke |+ @k 1
ki=i,ka,...,km—1,km=j

So (|A|™);; > 0 if and only if there exist ki = i, k, ..., km—1, km = j such
that |ak k|, - - - » |8k, _1k,| 7 O, i.e. if and only if there exists a path a
length m from i to j in the graph I'(A).

To complete the proof, simply notice that ['(A) = ['(M(A)). O
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Proposition

For A € M,(C) the three following statements are equivalent:
o (I, +|AD"1>0
o (I,+M(A)" 1 >0
e The graph ['(A) is connected.
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Proposition

For A € M,(C) the three following statements are equivalent:
o (I, +|AD"1>0
o (I,+M(A)" 1 >0
e The graph ['(A) is connected.

Proof.

(I + [A])" Z 1Al

So the diagonal entries of (/, + |A])"~! are positive and the off-diagonal
are positive if and only if for all 1 </ s j < n, there exists
m € {1,...,n— 1} such that (JA]™); > 0.
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Proof.

Using the above lemma, we have (/, + |A])"~! > 0 if and only if any two
distinct nodes of ['(A) are linked by a path of length at most equal to
n—1.
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Proof.

Using the above lemma, we have (/, + |A])"~! > 0 if and only if any two
distinct nodes of ['(A) are linked by a path of length at most equal to

n—1.

As the graph has n nodes, (I, + |A])"~! > 0 is equivalent to I'(A)
connected.

To complete the proof, simply notice that ['(A) = [(M(A)). O

The matrices verifying any of the three above assumptions are called
irreducible.

Remark: This name comes from another characterization with the
impossibility to permute lines/columns to obtain a block-triangular
matrix (but we shall not use that in what follows).
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A fundamental theorem for nonnegative and irreducible matrices is
Perron-Frobenius theorem stating that Perron’s theorem generalizes to
these matrices:
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rem

A fundamental theorem for nonnegative and irreducible matrices is
Perron-Frobenius theorem stating that Perron’s theorem generalizes to
these matrices:

Theorem (Perron-Frobenius theorem)

Let A € M,(R) be a nonnegative and irreducible matrix. We have the
following:

° p(A) >0
e p(A) is an eigenvalue of A

e the associated eigenspace is of dimension 1 and spanned by a
positive vector.

e the algebraic multiplicity of p(A) is 1.
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Proof.
p(A) =0 = Anilpotent = 3Im, A™ = [A|" = 0.
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Proof.

p(A) =0 = A nilpotent = Im, A™ = |A|™ = 0.

However, because '(A) is connected, there exist paths of any length in
the graph, so p(A) > 0.

The second point of the theorem does not require irreducibility (see
above).
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rem

Proof.

p(A) =0 = A nilpotent = Im, A™ = |A|™ = 0.

However, because '(A) is connected, there exist paths of any length in
the graph, so p(A) > 0.

The second point of the theorem does not require irreducibility (see
above). Let x > 0 be such that Ax = p(A)x. Then

(I + A" Ix = (1 + A" 1x = (1 + p(A)"1x
But

p((1+[AD"Y) = p(1 + A" = p(I + A)"F < (1+ p(A)"
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rem

Proof.

p(A) =0 = A nilpotent = Im, A™ = |A|™ = 0.

However, because '(A) is connected, there exist paths of any length in
the graph, so p(A) > 0.

The second point of the theorem does not require irreducibility (see
above). Let x > 0 be such that Ax = p(A)x. Then

(I + A" 1x = (1 + A)"Ix = (1 + p(A))"~'x
But
p((I+ AN = p(I + |A)" = p(I + A)" < (1 + p(A))" 1

So x is in fact an eigenvalue of (/ + |A|)"~! corresponding to its spectral
radius. O
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By Perron’s theorem, x > 0 and the eigenspace of A corresponding to
p(A) is of dimension 1.
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theorem. 0
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V.

Remark: With positive matrices, p(A) is the unique eigenvalue with
modulus equal to p(A). This is not anymore true for nonnegative
matrices.
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rem

Proof.
By Perron’s theorem, x > 0 and the eigenspace of A corresponding to
p(A) is of dimension 1.

Because A irreducible implies A’ irreducible, we can apply the above
results to A’ and conclude for the fourth point as in the proof of Perron's

theorem. 0

V.

Remark: With positive matrices, p(A) is the unique eigenvalue with
modulus equal to p(A). This is not anymore true for nonnegative
matrices. However we can prove that, if there are several such
eigenvalues in the nonnegative and irreducible case, they form a polygon
inside the circle of radius p(A) in the complex plane.
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Entropic costs: spectral characterization of
the ergodic constant
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Towards asymptotic results

Let us recall that the value function and the optimal controls depend on

W te0,T]— w(t) = eB(T-0g ]

where

g= (50 &MY )

and

e 17biif j e V(i),
Bj=1 h(i), ifj=i,
0, otherwise.
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Towards asymptotic results

Let us recall that the value function and the optimal controls depend on

W te0,T]— w(t) = eB(T-0g J

where

g= (50 &MY )

and

e 17biif j e V(i),
Bj=1 h(i), ifj=i,
0, otherwise.

We now study the spectrum and deduce the asymptotic behavior of the
value function and the optimal controls.
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The spectrum of B and asymptotic results

Theorem

Spr(B) is a nonempty set and v = max Spg(B) is an algebraically simple
eigenvalue whose associated eigenspace is spanned by a positive vector f.

Moreover YA € Sp(B) \ {v}, Re(\) < 7.

v Is the ergodic constant associated with our control problem and

JaeRYVieZ,VteR, lim o (t)— (T —t)=a+ log(f).

T—+o00

Moreover, the asymptotic behavior of the optimal controls is given by

f
VieI,Vj e V(i),VteR, lim \(i,j)=e b2,
T—+oo f;
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have been added: it is connected and therefore B(o) is irreducible.

By Perron-Frobenius theorem, p(B(c)) is an algebraically simple
eigenvalue of B(o) and the associated eigenspace is spanned by a
positive vector f.

Shifting the spectrum by —o we see that Spy(B) is a nonempty set and
its maximum ~, equal to p(B(o)) — o, is an algebraically simple
eigenvalue of B whose associated eigenspace is spanned by f.

Moreover YA € Sp(B) \ {7}, Re(\) < 7.
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Proof.
Now, p(B(c)) is also an algebraically simple eigenvalue of B(c)’ and the
associated eigenspace is spanned by a positive vector ¢.

Using a Jordan decomposition of B(c), we see that g can be written as
Bf + 1) where 5 € R and
b € Im(B(0) — p(B(0))l) = Ker(B(a) — p(B(a))In)* = span(4).
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Spectrum of B and asymptotic results

Proof.
Now, p(B(c)) is also an algebraically simple eigenvalue of B(c)’ and the
associated eigenspace is spanned by a positive vector ¢.

Using a Jordan decomposition of B(c), we see that g can be written as
Bf + 1) where 5 € R and

b € Im(B(0) — p(B(0))In) = Ker(B(o)' — p(B())In)* = span(9)*.
As p = g — Bf L ¢ and all coefficients of g, f, and ¢ are positive, we
must have § > 0.
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Spectrum of B and asymptotic results

Proof.

Now,
e~ V(T—1) WT(t) _ e(B_'YIN)(T_t)g

e(B*vIN)(T*t)ﬁf + e(B*le)(T*t)dj
= Bf BTy s B,
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Now,
e~ V(T—1) WT(t) _ e(B_'YIN)(T_t)g

e(B*vIN)(T*t)Bf + e(B*le)(T*t)dj
= B BTy L BF.

By taking logarithms, we obtain that

VieZ, _lim ul(t)—(T —t)=log(B)+ log(f).
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Spectrum of B and asymptotic results

Proof.

Now,

e‘“’(T_t)wT(t) _ e(B_'YIN)(T_t)g
e(B*vIN)(T*t)Bf + e(B*le)(T*t)dj
BF + BTy o, BF.

By taking logarithms, we obtain that

VieZ, _lim ul(t)—(T —t)=log(B)+ log(f).

T—+o0

For optimal controls, we obtain Vi € Z,Vj € V(i),Vt € [0, T],

. w/ (1)
At(ing) = R WJ'T(t)
—(T—t),, T
R R TT9w] (1) i e B0
T 0w (1) ;

O w7
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Conclusions about optimal controls on graphs

What we have seen

e \We have provided, under simple assumptions, a way to characterize
optimal controls (with ODEs).

e We have generalized the results to the case of infinite horizon
problems when r > 0 (stationary problems).

e We have obtained a (difficult) result on the asymptotic behavior far
from T when r = 0.

e We have shown in the case of entropic costs that value functions
and optimal controls could be found in closed-form

e We have shown in the case of entropic costs that the ergodic

constant is the largest real eigenvalue of a simple matrix and that
optimal controls are characterized by the coordinates of an associate

eigenvector.

We now apply our results to market making and to the
Avellaneda-Stoikov equation. 118
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Nature of the problem

A problem coming from the financial industry
e Not a pricing issue.
e Not a hedging issue.
e Not a problem of portfolio choice.

e Optimization problem relevant on many markets: market making.

What is a market maker?
e Liquidity provider: provide bid and ask/offer prices to other market
participants

e Today, replaced by algorithms.

120
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Setup of models a la Avellaneda-Stoikov

e Reference price process (mid-price) (S;)e:

dSt = O'th J

e Bid and ask prices of the MM denoted respectively

St =5 —46band 57 =S, + 62. J

e Point processes N® and N? for the transactions (size A). Inventory
()

dge = AdNP — AdN?. J

121
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Setup of models a la Avellaneda-Stoikov

e The intensities of N® and N2 depend on the distance to the
reference price:

A = N°(09)1g,_<q and A7 = A*(69)1g,_>—o-
AP, A? decreasing.

e Cash process (X;)::

dX, = AS?dN? — ASEdNP = —S,dq, + 62 AdN? + 6P AdN. |

Three state variables: X (cash), g (inventory), and S (price).
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Several objective functions

Naive: Risk-neutral

sp  E[Xr +qrSr.
(62)¢,(62)c€ A
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Several objective functions

Naive: Risk-neutral

sp  E[Xr +qrSr.
(62)¢,(62)c€ A

The original Avellaneda-Stoikov's model considers a CARA utility
function:

CARA objective function (Model A)
sup  E[—exp(—v(X7 +q757))],
(62)e:(87)c €A
where «y is the absolute risk aversion parameter, and A the set of
predictable processes bounded from below.
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Several objective functions
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Several objective functions

Models a la Cartea, Jaimungal et al. with a running penalty for the

inventory:
Risk-neutral with running penalty (Model B)

sup E

.
Xt +qrS7 — 102/ grdt|
(62)e,(62)c€ A 2 Jo

where v is a kind of absolute risk aversion parameter.
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HJB equation (Model A)
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HJB equation (Model A)

In what follows, u is a candidate for the value function.
Hamilton-Jacobi-Bellman

(HJB) 0= du(t,x,q,S)+ %&aﬁsu(t,x, 4.5)
+1g<0 s;bp/\b(éb) [u(t,x —AS+ A g+ A,S)— u(t,x,q, 5)]
+15>—0 s(LSJapA"’(Ja) [u(t,x + AS + Adé?, g — A,S) — u(t, x,q,5)]
with final condition:

u(T,x,q,S) = —exp(—(x +qS))
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Change of variables (Model A)

Ansatz J

u(t,x,q,S) = —exp(—y(x + qS + 0(t, q)))
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Change of variables (Model A)

Ansatz

u(t,x,q,S) = —exp(—y(x + qS + 0(t, q)))

New equation (Model A)

1
0= :0(t, q) — 570°q”

+14<0 s(l;bp /\b(jb) (1—exp (= (A8" +0(t, g+ A) — 6(t,q))))
Hosgsup (7 D (1~ exp(—y (A8 + 0(t,q— A) — 0(t.9)))

with final condition 6(T,q) = 0.
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Equation for 6 (Model A)

A new transform
Q)
13
Q)
§

HE(p) = Sip (1 —exp(=€A(0—p)))

(1—exp(—EA (0 —p)))

127



Equation for 6 (Model A)

A new transform

o) = sun ) (1~ exp (- 5~ p)
HZ (p) = sup Aaéé) (1—exp(—EA (0 —p)))

New equation (Model A)
1
0= 0:0(t,q) — E’ya g+ 1q<QHb
o(t
+1q>7QH$ ( (£, 9)

with final condition 6(T, q) = 0.

ge(t Lq) — 0(t, g+ A))

o(t A))A
q-—
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HJB equation (Model B)

Hamilton-Jacobi-Bellman
(HJIB) 0= 0:u(t,x,q,S) — %vazqz + %Uzagsu(nx, q,S)
+1g4<0 sup NP(6P) [u(t,x — AS + AP, g+ A, S) — u(t,x,q,S)]
)
+1g>—0 s(lsjap N (6%) [u(t,x + AS + Aé?, g — A, S) — u(t, x,q,S)]

with final condition:

u(T,x,q,5) =x+qS
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Change of variables (Model B)
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Change of variables (Model B)

Ansatz

u(T,x,q,S) =x+qS +0(t,q)

New equation (Model B)
1
0= :0(t, q) — 570°q”
+1g<qsupA°(6°) [Ad° +6(t, g + &) — 6(t, q)]
ob

+lg>-qsupA(0%) [Ad7 +6(t, g — A) — 6(t, q)]
o2

with final condition 6( T, q) = 0.
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Equation for § (Model B)

A new transform
Hg (p) = A sup A°(3)(6 — p)

H3 (p) = A N*(6)(6 - p)
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Equation for § (Model B)

A new transform
Hg (p) = A sup A°(3)(6 — p)

H3 (p) = A N*(6)(6 - p)

New equation (Model B)

1
0= 0:0(t,q) — 570 q>+ 1q<QHo

A
0(t,q) — 0(t,q — A
+1q>_QH8(( q) A( q ))

with final condition 6( T, q) = 0.

o(t, q) — 0(t, q + A))
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Uniting two objective functions

e Same family of equations for € in both models.
e A system of 2Q/A + 1 non-linear ODEs.

e In both cases: problem in dimension 2 instead of 4.

1 0(t,q) —0(t, g+ A
0:8t9(t7q)—2702q2+1q<QH§<( 9) — 0(t,q )>

A
L (0(t,q) —0(t,qg — A)
+1q>_QH£( (t,q) — ( )

with final condition 6( T, q) = 0.
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A unique family of equations

Uniting two objective functions

e Same family of equations for € in both models.
e A system of 2Q/A + 1 non-linear ODEs.

e In both cases: problem in dimension 2 instead of 4.

1 0(t,q) —0(t, g+ A
0:8t9(t7q)—2702q2+1q<QH§<( 9) — 0(t,q )>

A
L (0(t,q) —0(t,q— D)
+1q>_QH€( (t.q) — ( q-— )

with final condition 6( T, q) = 0.

Same equations as those studied earlier (written in a slightly different
manner)
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The intensity functions A” and A?

Assumptions on A® and A°.
1. AP/ais C2.
2. A/ <0,
3. lims_s 100 AP/2(5) = 0.
4. The intensity functions A?/? satisfy:

/\b/a /\b/a//
sup —(6) gé) <2
5 (Ab/a’((g))
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The intensity functions A” and A?

Assumptions on A? and A°.
1. AP/ais C2.
2. A/ <0,
3. lims_s 100 AP/2(5) = 0.
4. The intensity functions A?/? satisfy:

/\b/a /\b/a//
sup —(6) gé) <2
5 (Ab/a’(5))

Exponential intensity
In Avellaneda and Stoikov (A = 1):

AP(6) = N() = Ae k.
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The functions Hgb and H

Proposition
o VE>0, Hgb/a is a decreasing function of class C2.

e In the definition of Hb/a( ), the supremum is attained at a unique

b/a* (p) characterized by

. H2' (p)
~b/ax 1 pP
65/3 (p) _ /\b/a ngb/a(p) o gT

<b/ax (

e The function p — 5 p) is increasing.
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The functions Hgb and H

Proposition
o VE>0, Hgb/a is a decreasing function of class C2.

e In the definition of Hb/a( ), the supremum is attained at a unique

b/a* (p) characterized by

. H2' (p)
~b/ax 1 pP
65/3 (p) _ /\b/a ngb/a(p) o gT

<b/ax (

e The function p — 5 p) is increasing.

Remark: Hé’/a decreasing corresponds to increasing Hamiltonian
functions in our optimal control theory on graphs.
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Existence and uniqueness
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Existence and uniqueness

Results for 0

There exists a unique C* (in time) solution t — ((t, ))|q<q to

<9(t Lq) — (¢, q+A)>

1
0=0.6(t,q) — 270 q +1q<QH§

A
o(t 0(t,qg— Q)
+1q>_QH§,( (t.q) q-— )

with final condition 6( T, g) = 0.
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Solution of the initial problems (verification argument)
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Solution of the initial problems (verification argument)

By using a verification argument, the functions u are the value functions
associated with the problems of Model A and Model B.

Optimal quotes
The optimal quotes in models A (£ =) and B (£ = 0) are:

bx __ $hx e(ta qt—) 7 g(tv qi— + A)
5k = 8 A

” _) = _—A
55* — 52* (9(t7 qt ) eA(t’ gt )>

where

/
- . He'? (p)
. 1
627/8 (p) _ /\b/a gHg/a(p) o fT
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The case A\°(5) = N2(5) = Ae ¥

The functions Hg/a and Sg/a*
If A(8) = A*(8) = Ae*%, then H{/?(p) = 42 C; exp(—kp), with
— L
Q__{@+ﬁf) if € >0
el if € = 0.

and
1% ) — p—i—ilog(l—&—%) ife>0
: p+1 ife—0,
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The case A\°(5) = N2(5) = Ae ¥

The functions Hg/a and Sg/a*

If A(8) = A*(8) = Ae*%, then H{/?(p) = 42 C; exp(—kp), with

k1
ea)TETh
G- (1+k) if €>0
el if £ = 0.

and
p—i—ilog(l—&—%) ife>0

Sb/a*(p) _ X .
p+ P if 5 = 0,

3

This corresponds exactly to our framework with entropic costs
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The case A\°(5) = N2(5) = Ae ¥

The system of ODEs
1
0= 0:0(t,q) — 570°q*+

AA 0(t,a+0)—6(t,q) 0(t.a—A)—0(t.q)
G <1q<Qek A +lgsoge 8 )

)

with final condition 6( T, gq) = 0.
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The case A\°(5) = N2(5) = Ae ¥

The system of ODEs
1
0= 0:0(t,q) — 570°q*+

AA 0(t,a+0)—6(t,q) 0(t.a—A)—0(t.q)
G <1q<Qek A +lgsoge 8 )

)

with final condition 6( T, gq) = 0.

Change of variables: v4(t) = exp (ke(At’q))
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The case A\°(§) = A?(0) = Ae™®

A linear system of ODEs

Vcli(t) = aqzvq(t) — e (Lg<qVgra(t) + lg>—qvg-a(t)),
ith
wi ok e
o = QAVU ) Ne = 3

and the terminal condition v(T,q) = 1.
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The case A\°(§) = A?(0) = Ae™®

A linear system of ODEs

Vcli(t) = aq2‘/q(t) — e (Lg<qVgra(t) + lg>—qvg-a(t)),
ith
wi ok e
o = 2A'70 ) Ne = 3

and the terminal condition v(T,q) = 1.

This corresponds to

—aQ? Mg
e —(Q—A) e
7
ne —a@?

which is symmetric here!
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The case A\°(§) = A?(0) = Ae™®

Optimal quotes
The optimal quotes in models A (£ =) and B (£ = 0) are:

1 t
6?* :5b>i<(t7 qt—) o— D£_|_k|n< Vg ( ) )

Va.— JrA(t)
1 Vg,
07" =07 (t,qe-) = D£+k|n( : (A()t)>
Vg —
1 )
. dilog (1+ ) if¢>0
3 if ¢ =0,
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The case \°(5) = A3 () =
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The case A\°(5) = N2(5) = Ae ¥

The optimal quote functions far from T only depend on g:

Asymptotics

1 [
bx — i b -D il q
500 (q) TI_TX) 0 (Ov q) 3 == k n f_qurA

ax . ax 1 f‘?
oo A
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The case A\°(§) = A?(0) = Ae™®

The optimal quote functions far from T only depend on g:

Asymptotics

62 (q) = lim 6°%(0,q) = D, i A
A SV ﬁ;’+A

ax o 1 fo
03(q) = lim 67(0,q) = D¢ + o In fT

Because B is symmetric, f0 € R2Q/A+1 is characterized by a Rayleigh

ratio:
Q-A
argmin Z aq f2+775 Z (fgrn — fq)2+(fo)2+(f—o)2
=1 51<0 q=—Q
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The case A\°(5) = N2(5) = Ae ¥

Continuous counterpart

O € [2(R) characterized by:

argmin / (ax2 F(x)? + ne A2 f’(x)2) dx.

”f”ﬂ(R):l —ee
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The case A\°(5) = N2(5) = Ae ¥

Continuous counterpart

O € [2(R) characterized by:

argmin / (ax2 F(x)? + ne A2 f’(x)2) dx.

— 00

”f”ﬂ(R):l

O(x) o< exp (—;A /%x2>
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The case A\°(5) = N2(5) = Ae ¥

Continuous counterpart

O € [2(R) characterized by:

argmin / (ax2 F(x)? + ne A2 f’(x)2) dx.

”f”ﬂ(R):l —ee

O(x) o< exp (—;A /%x2>

Hence, we get an approximation of the form:
f‘f X exp <_21A %q2) J
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The case A\°(5) = N2(5) = Ae ¥

Using the continuous counterpart, we get:

Closed-form approximations: optimal quotes (Model A: £ = v)

k

1 AE\ 29+ A | y0? A\ tae
brq) ~ —In(142% 14+
92(9) ”( T )T T2 Vaan Uk

k
. 1 AL\ 29— A | o2 N
02(q) =~ A§|n<1+k) > \/2kAA 1+ P

Remark: these formulas are used by many practitioners in Europe and

Asia on quote-driven markets.
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The case \°(5) = A3 () =
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The case A\°(5) = N2(5) = Ae ¥

Using the continuous counterpart, we get:

Closed-form approximations: optimal quotes (Model B: ¢ = 0)
1 2g+A [~o%e
bx* ~
ola) = o 2V 2kAA
1 29— A [~o2e
ax -
95(4) k 2V 2kAA
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The case \°(5) = A3 () =
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The case A\°(5) = N2(5) = Ae ¥

A good way to analyze the result is to consider the spread 1) = §° + §2
and the skew ¢ = §° — §°.

Closed-form approx.: spread and skew (Model A, £ =7)

Ag)lﬂks

<
8%
S
[
Bl
7 N
=
4L
~|R
N~——
4L
>
Q
MQ
N
>~
7 N
=
e
~|
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The case \°(5) = A3 () =
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The case A\°(5) = N2(5) = Ae ¥

Closed form approx.: spread and skew (Model B, { = 0)

2 yole
—+ A
k o 2kAA

yole
2q1/
T\ 2kAn )

<

8*

S
I

I

8*

S
2
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If you want to know more about market making
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Thanks for your attention.

Questions.
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